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ABSTRACT 
 
Interfacial instabilities play an important role in the development of critical heat flux (CHF) models. The 
Rayleigh-Taylor, Kelvin-Helmholtz, and Plateau-Rayleigh instabilities are used to formulate the critical 
heat flux models for saturated pool boiling on infinite horizontal surfaces. The most of existing CHF 
models have been developed with the results of the linear stability analysis of inviscid flows. Therefore, 
there is no consideration on the effect of fluid viscosities in the existing CHF models. In fact, as the 
pressure increases, the viscosities of vapor and liquid become closer. And thus the effect of fluid 
viscosities cannot be ignored. In this study, we applied the interfacial instabilities of viscous potential 
fluids including the effect of fluid viscosities on CHF. The viscous potential flow allows a velocity 
discontinuity at the interface but consider the viscous normal pressure on the interface. These treatments 
are consistent with the phenomena that the interface waves are induced by pressure, more than by shear 
force. The circular jet and Kelvin-Helmholtz instabilities of viscous potential flows were applied to the 
most widely used models: the hydrodynamic theory model. The CHF models were successfully modified 
to include the effect of fluid viscosities by the interfacial instability analysis of viscous potential flow. The 
modified models showed better predictions in the wide range of pressure. The reason is attributed to the 
inclusion of the effect of fluid viscosities considering the critical relative velocity between gas and liquid. 
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1. INTRODUCTION 
 

Accurate prediction of critical heat flux(CHF) is very important in nuclear reactor design and safety 
analysis. Because a CHF can be the upper limit of efficient cooling condition and safety. A number of 
studies on CHF have been conducted analytically and experimentally [1-3]. However, the CHF prediction 
theories and mechanisms have not yet been established clearly. Likewise, we noticed that the effect of 
fluid viscosities is not considered in the most of existing models for saturated pool boiling on infinite 
horizontal surfaces. The hydrodynamic theory was widely used to introduce the CHF models. However, it 
has been developed by depending on the Rayleigh-Taylor, Kelvin-Helmholtz, and Plateau-Rayleigh 
instabilities for inviscid fluids. It is required to consider the effect of viscosity on the instabilities to 
explain the CHF phenomena more physically. Especially, the effect of gas viscosity on the instabilities 
cannot be neglected as the radius or thickness of the gas layer is thin. And, all instabilities cannot be 
neglected as viscosities between gas and liquid become closer. 

Recently, Kim et al[4] showed that the Rayleigh-Taylor instability should be analyzed with a thin layer 
of viscous gas instead of a thick layer of inviscid gas for the model development of critical heat flux and 
minimum film boiling. The decrease of the most unstable wavelength, which caused by the consideration 
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of the effect of viscosity, was shown to improve the prediction accuracy of critical heat flux models for 
various fluids, particularly at high pressures.  

Kim et al[4] dealt with only the most unstable wavelength. We can notice that the existing critical heat 
flux models still consider the Kelvin-Helmholtz instability of inviscid flows, which affect the maximum 
vapor escape velocity[5] and the initial liquid macrolayer thickness[6]. Therefore, there is room for 
improving the prediction accuracy by the help of the Kelvin-Helmholtz instability of viscous fluids. The 
Kelvin-Helmholtz instability arises when different fluid layers are in relative motion. Usually, a uniform 
flow is considered in each fluid layer, allowing a velocity discontinuity at the interface, and thus a 
potential flow of inviscid fluids is analyzed. However, if the viscosity effect is taken into consideration, a 
non-uniform flow occurs due to the shear stress at the interface. The idea to incorporate the effects of 
fluid viscosities with the Kelvin-Helmholtz instability can be found in the viscous potential flow theory. 

Funada and Joseph[7] studied a viscous potential flow analysis of Kelvin-Helmholtz instability. And, 
they considered the capillary instability and carried out a stability analysis of a circular jet into another 
fluid[8, 9]. A viscous potential flow analysis is more accurate than an inviscid flow analysis in terms of 
the growth rate. Therefore, the critical condition of the Kelvin-Helmholtz instability can be predicted 
more accurately. 

In this study, the interfacial instabilities of viscous potential flows are applied to CHF models for 
saturated pool boiling on infinite horizontal surfaces, with the aim of including the effects of fluid 
viscosities. The critical conditions of circular jet and Kelvin-Helmholtz instabilities are incorporated into 
the hydrodynamic theory model. And, the modified models will be validated by comparing the 
experimental results with various working fluids. 
 
 
2. CHF model based on viscous potential flow 
 
2.1. Kelvin-Helmholtz and circular jet instability 
 
Funada and Joseph[7] studied the Kelvin-Helmholtz instability in a stratified flow in which a lighter fluid 
overlies a heavier fluid in a gravitational field as shown in Fig. 1. If the gas velocity is higher than the 
liquid velocity, the critical relative velocity, Uc (= Ug-Uf) for the inviscid and viscous potential flow can 
be given by Eq. (1) and Eq. (2) with no consideration of gravity effect, respectively. 
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where �, �, �, and kc are the density, viscosity, layer thickness, and the critical wave number, respectively. 
And, subscript g and f are the gas phase and liquid phase. 
 
Funada and his co-workers[8] conducted a stability analysis for a circular fluid jet into another fluid 
(Fig.1b). Capillary and Kelvin-Helmholtz instabilities governed the instability phenomena for the circular 
jet. If the relative jet velocity compared to surrounding fluid velocity is zero, the capillary instability is 
dominant in this condition. On the other hands, the Kelvin-Helmholtz instability is more dominant, as the 
relative jet velocity increases. In this study, the only case for a gas jet into liquid is considered. Then the 
critical relative velocities for inviscid and viscous potential flow are given as follows 
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where R is the diameter of gas jet. The non-dimensional variables �g, �f, �g, and �f are defined as
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functions of the first kind and K0 and K1 are the modified Bessel functions of the second kind. As jet 
diameter is larger, the values of �g, �f, �g, and �f approach unity. And, Eq. (3) and (4) will be closer to Eq. 
(1) and (2) with larger �g and �f. In other words, the instability of a circular jet with a large diameter is 
equivalent to the Kelvin-Helmholtz instability with large fluid thickness. 
 

 
 

Figure 1. Schematics of a) two fluid flows with different densities in a 2D channel, b) a circular gas 
jets into a liquid 

2.2. Hydrodynamic theory model 
 
The model developed by Zuber[5] was the most widely used to predict the critical heat flux(CHF). 
Assumed that circular vapor jets rise at the nodes of Taylor waves, the jet diameter has the half value of 
jet spacing (Fig. 2a). Therefore, the CHF can be formulated in Eq. (5) 
 

1/2
max 16 g gq LU� ��             (5) 

where Ug is the maximum gas velocity corresponding to the critical condition of the Kelvin-Helmholtz 
instability. The critical relative velocity for an inviscid flow is  
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where �c is the critical wavelength. In this study, �c was the critical wavelength of the capillary waves: 
2c R� �� , where R is the radius of circular gas jets.  

Based on this, Zuber obtained 
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where L is the latent heat. The above equation can be approximated as shown as Eq. (8) at low pressures. 
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However, there is an inconsistency in deriving process of Zuber’s model. Although Eq. (7) is the result 

coming from the Kelvin-Helmholtz instability, �c in Eq. (7) uses the critical wavelength of capillary 
waves. Referring to Eq. (3) and (4), critical relative velocity for circular gas jets is zero because kc is 1/R. 
This means that the vapor velocity and CHF will be zero if in pool boiling. 
 The Rayleigh-Taylor instability analysis should be used to avoid the non-physical meaning. As with 
Zuber[5], the radius of circular gas jets assumed �d /4, where �d is the most unstable wavelength of 
Rayleigh-Taylor instability. Using the conservation of mass,  
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For an inviscid flow, critical velocity for a gas phase can be rewritten using Eq. (3) and (9) as follows.  
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Upon substitution of Eq. (10) into Eq. (6),  
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The most unstable wavelength, �d is given by the Rayleigh-Taylor instability. However, there is a 

drawback of the Rayleigh-Taylor instability for the viscous potential flow. The most unstable wavelength 
tends to increase unboundedly as the thickness of the gas layer was decreased. Either a fully viscous flow 
analysis of lubrication approximation should be applied when gas layer is thin[4]. Then �d and kc are 
given by � �� �1/2

2 2 / g� � ��  for a thin layer of gas and � �1/2/g� � �� , respectively.  We can write Eq. 
(11) as 
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For large jet diameters, the above equation changes into Eq. (7). 
 Now, let us consider a viscous potential flow. Eq. (4) is combined with Eq. (9) to give 
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Substituting this into Eq. (5) and using 1/22 (2 / ( ))d g� � � �� �  and 1/2( / )ck g� � �� � , we obtain the 
revised hydrodynamic model based on the viscous potential flow. 
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Yagov[10] stated that if one considers only the surface tension and body forces, one inevitably obtains an 
equation similar to Eq. (7) in view of a dimensional analysis. In fact, most of the critical heat flux models 
only replace the right-hand side of Eq. (7) by values that are functions of the liquid-gas density ratio. 
However, it is noteworthy that Eq. (14) includes liquid and gas viscosities. 
 

 
 

Figure 2. Schematics of pool boiling CHF models using hydrodynamic instability on infinite 
horizontal surfaces 

 
3. Results and discussion 
 
The obtained equations based on hydrodynamic model contain the only one unknown parameter � which 
is coupled with �g, �f, �g, and �f. Lienhard and Dhir[11] noted that Eq. (7) slightly underpredicts compared 
to the experimental data of various liquids. They modified the equation by defining the numerical 
constant as follows. 
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Using this constant and Eq. (14), the unknown value of � was numerically estimated for various liquids as 
shown in Table I. Interestingly, � does not vary significantly for all fluids, except for water. The averaged 
values of five liquids except water are used to predict the CHF for those liquids using the modified 
hydrodynamics model in Eq. (14).  

Fig. 3 through Fig. 7 show the comparison of the CHF predicted results for organic liquids with 
experimental results [3, 12-16]. In these figures, predictions marked as present (VPF, Eq. (14)) and 
present (IPF, Eq. (12)) corresponding to the modified hydrodynamic model based on viscous potential 
flow and inviscid potential flow, respectively. Although it is difficult to compare the modified model with 
experimental result, the tendencies predicted by models was similar to the scattered data, quantitatively.
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Table I. Estimated parameters for viscous potential flow analysis based on Eq. (15) 
Fluid �  g�  f�  g�  f�  

Water 1.640 1.179 0.885 0.904 1.160 
Methanol 1.081 1.326 0.839 0.910 1.255 
Hexane 1.013 1.361 0.830 0.916 1.275 
R113 0.996 1.370 0.828 0.918 1.280 

Pentane 1.012 1.361 0.830 0.916 1.275 
Ethanol 1.017 1.358 0.831 0.916 1.273 

Avg. 1.01 1.36 0.83 0.91 1.27 
 

0.00 0.01 0.02 0.03 0.04
200

400

600

800

1000

1200

Present (IPF)

Lienhard (1973)

Present (VPF)

 Bailey (2006)
 Lienhard (1973)

q m
ax

 (k
W

/m
2 )

p/pcr (-)

Figure 3. Comparison of the modified models with experimental data for methanol 
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Figure 4. Comparison of the modified models with experimental data for hexane 
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Figure 5. Comparison of the modified models with experimental data for R113 
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Figure 6. Comparison of the modified models with experimental data for pentane 
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Figure 7. Comparison of the modified models with experimental data for ethanol 
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Figure 8. Comparison of the modified models with experimental data for water 
 
 

Fig. 8 represents the comparison of the predictions between Eq. (12) and (14) with the experimental data 
of water[10-12, 14, 17]. The models of Zuber(Eq.(7)) [5], Lienhard and Dhir (Eq.(15))[11], and 
Yagov[10] are also plotted in the figure. There is no difference between the modified model based on 
inviscid potential flow, Eq. (12), and Lienhard and Dhir’s model, Eq. (15). Because it may be attributed 
that the models are developed based on inviscid potential flows, commonly. However, the modified model 
based on viscous potential flow shows the improved results at the overall pressure conditions.  

Based on all results for organic liquids, the modified model based on viscous potential flow show 
prediction accuracies similar to the ones based on inviscid potential flow and Lienhard and Dhir [11]. One 
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of reasons may be attributed to the high viscosity ratios for organic fluids. Fig. 9 shows the ratio of the 
liquid viscosity to the vapor viscosity according to the various pressure. The effect of viscosity on CHF 
cannot be neglected as the vapor and liquid viscosities become closer. However, the vapor density for the 
organic fluids is considerably lower than the liquid one. And thus, the viscosity may not be as effective as 
expected.  
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Figure. 11 Variations of the viscosity rations with the changes of pressure 

 
4. CONCLUSIONS  
 
The interfacial instabilities based on the viscous potential theory are incorporated into the most 
widely used models: the hydrodynamic theory model. The circular jet and Kelvin-Helmholtz 
instabilities of viscous potential flows are used. The viscous potential flow permits a velocity slip 
at the interface, but it includes the effect of the viscous normal pressure. These treatments are 
consistent with the fact that the interface waves are induced more by pressure than by shear 
force. For water the circular jet instability of a viscous potential flow shows a considerable 
improvement. For organic liquids, the modified models show prediction accuracies similar to the 
other original models because it may be swallowed by the higher viscosity ratio. However, we 
expected that the models become more physically accurate by the including of the effects of fluid 
viscosities. 
 
NOMENCLATURE  
 

gA   : Total bottom area of vapor stems (m2) 

wA   : Area of the heated surface (m2) 

f    : Bubble detachment frequency (1/s) 

g    : Gravitational acceleration (m/s2) 
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ck   : Critical wavelength (1/m) 

L    : Latent heat (J/kg) 

M    : 4 2 3/ ( )f fg� 
 � ��  (Morton number) (�) 

maxq    : Critical heat flux (W/m2) 

R    : Diameter of gas jet (m) 

cU    : Relative velocity between gas and liquid at the critical condition in which the growth rate is 

zero (m/s) 

U    : Fluid velocity (m/s)  
 
 
Greek symbols 

g�    : 0 1( ) / ( )c cI Rk I Rk  (�) 

f�    : 0 1( ) / ( )c cK Rk K Rk  (�) 

g�   : 1 /g cRk� �  (�) 

f�    : 1 /f cRk� �  (�) 

�    : 1/2( / )ck g� � ��   (�) 

�    : Thickness of the fluid layer (m) 

c�   : Initial macrolayer thickness (m) 

��  : f g� ��  (kg/m3) 

c�   : Critical wavelength (m) 

,ipfc�   : Critical wavelength of the Kelvin-Helmholtz instability for inviscid potential flow (m) 

,vpfc�   : Critical wavelength of the Kelvin-Helmholtz instability for viscous potential flow (m) 

d�   : Most unstable wavelength (m) 

�    : ,vpf/c c� �  (�) 

�    : Kinematic viscosity (m2/s) 


    : Dynamic viscosity (kg/m�s) 

�    : Density (kg/m3) 

�    : Surface tension (N/m) 
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Subscripts 

g    : Gas phase 

f    : Liquid phase 
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